
Question Scheme Marks 

1(a) 𝑓(𝑥) = 4𝑥 (1 − 2𝑥2 +
2

3
𝑥4 + ⋯ ) B1 

 = 4𝑥 (1 −
(2𝑥)2

2!
+

(2𝑥)4

4!
+ ⋯ ) M1 

 = 4𝑥 cos(2𝑥) A1 

 ∴ ∫ 𝑓(𝑥) 𝑑𝑥 = ∫ 4𝑥 cos(2𝑥) 𝑑𝑥 M1 

 = 4𝑥 (
1

2
sin(2𝑥)) − 4 (−

1

4
cos(2𝑥)) + 𝐶 = 2𝑥 sin(2𝑥) + cos(2𝑥) + 𝐶  M1A1 

Alt. 1(a) 𝑓(𝑥) = 𝐴 sin(2𝑥) + 2𝐴𝑥 cos(2𝑥) − 2 sin(2𝑥) = (𝐴 − 2) sin(2𝑥) + 2𝐴𝑥cos(2𝑥) B1 

 

= (𝐴 − 2) (2𝑥 −
(2𝑥)3

3!
+

(2𝑥)5

5!
+ ⋯ ) + 2𝐴𝑥 (1 −

(2𝑥)2

2!
+

(2𝑥)4

4!
+ ⋯ ) 

= 𝑥(4𝐴 − 4) + 𝑥3 (−
16

3
𝐴 +

8

3
) + 𝑥5 (

8

5
𝐴 −

8

15
) + ⋯ 

M1 

 𝑥(4𝐴 − 4) = 4𝑥 ⇒ 𝐴 = 2 ⇒ 𝑓(𝑥) = 2(2)𝑥 cos(2𝑥) = 4𝑥cos(2𝑥) M1A1 

 

Checks for consistency: 

 𝐴 = 2 ⇒ 𝑥3 (−
16

3
(2) +

8

3
) = −8𝑥3 

𝐴 = 2 ⇒ 𝑥5 (
8

5
(2) −

8

15
) =

8

3
𝑥5 

∴ 𝑓(𝑥) = 4𝑥cos(2𝑥) is consistent with the given Maclaurin series expansion 

∴ ∫ 𝑓(𝑥) 𝑑𝑥 = 2𝑥 sin(2𝑥) + cos(2𝑥) + 𝐶 

dM1A1 

  (6) 

1(b) 
1

𝜋
2 −

𝜋
4

∫ 𝑓(𝑥) 𝑑𝑥 =
4

𝜋
[2𝑥sin(2𝑥) + cos(2𝑥)]

𝜋
2
𝜋
4

𝜋
2

𝜋
4

 M1 

 =
4

𝜋
(𝜋(0) − 1 −

𝜋

2
(1) − 0) = −

4

𝜋
(

𝜋

2
+ 1)  o. e. A1 



  (2) 

(5 marks) 

 
 
 
 
 
 
 
 
 
 
 
 



Question Scheme Marks 

2 ∑ ln (
(𝑟 + 3)(𝑟 + 1)

(𝑟 + 1)(𝑟 − 1)
)

𝑥

𝑟=1

= ∑ ln(𝑟 + 3) −

𝑥

𝑟=1

ln(𝑟 + 1) B1 

 

= ln(4) − ln(2) 

+ ln(5) − ln(3) 

+ ln(6) − ln(4) 

+ ⋯ 

+ ln(𝑥 + 1) − ln(𝑥 − 1) 

+ ln(𝑥 + 2) − ln(𝑥) 

+ ln(𝑥 + 3) − ln(𝑥 + 1) 

= ln(𝑥 + 2) + ln(𝑥 + 3) − ln (6) 

M1A1 

 ∫ (ln(𝑥 + 2) + ln(𝑥 + 3) − ln(6)) 𝑑𝑥 M1 

 = (𝑥 + 𝑎) ln(𝑥 + 𝑎) + (𝑥 + 𝑏) ln(𝑥 + 𝑏) − 2𝑥 − 𝑥 ln(6) [+𝐶] B1 

 = (𝑥 + 2) ln(𝑥 + 2) + (𝑥 + 3) ln(𝑥 + 3) − 2𝑥 − 𝑥 ln(6) + 𝐶 o. e. A1 

  (6) 

(6 marks) 

 
 
 
 



Question Scheme Marks 

3(a) sinh(𝑥 + 𝑖𝑦) =
𝑒𝑥+𝑖𝑦 − 𝑒−(𝑥+𝑖𝑦)

2
 B1 

 =
𝑒𝑥[cos(𝑦) + 𝑖 sin(𝑦)] − 𝑒−𝑥[cos(𝑦) − 𝑖 sin(𝑦)] 

2
 M1 

 

= cos(𝑦) (
𝑒𝑥 − 𝑒−𝑥

2
) + 𝑖 sin(𝑦) (

𝑒𝑥 + 𝑒−𝑥

2
) 

= cos(𝑦) sinh(𝑥) + 𝑖 sin(𝑦) cosh(𝑥) 

A1 

  (3) 

3(b) 𝑒
𝜋
3𝑖 =

1

2
+

√3

2
𝑖 ⇒ cos(𝑦) sinh(𝑥) = ⋯ M1 

 cos(𝑦) sinh(𝑥) =
1

2
, sin(𝑦) cosh(𝑥) =

√3

2
 A1 

 ∴ sinh(𝑥) =
1

2 cos(𝑦)
  𝑎𝑛𝑑 cosh(𝑥) =

√3

2 sin(𝑦)
 B1 

 

cosh2(𝑥) − sinh2(𝑥) = 1 ⇒
3

4 sin2(𝑦)
−

1

4 cos2(𝑦)
= 1 

∴ 3 cos2(𝑦) − sin2(𝑦) = 4 sin2(𝑦) cos2(𝑦) 

M1 

 

∴ 3(1 − sin2(𝑦)) − sin2(𝑦) = 4 sin2(𝑦)(1 − sin2(𝑦)) 

∴ 4 sin4(𝑦) − 8 sin2(𝑦) + 3 = 0 

(2 sin2(𝑦) − 3)(2 sin2(𝑦) − 1) = 0 ⇒ sin(𝑦) = ⋯ 

M1 

 sin(𝑦) ≠ ±
√6

2
 or sin(𝑦) = ±

√2

2
 A1 

 Since cosh(𝑥) > 0, sin(𝑦) > 0 ⇒ sin(𝑦) =
√2

2
 B1 

 ∴ 𝑦 =
𝜋

4
+ 2𝜋𝑘 or 𝑦 =

3𝜋

4
+ 2𝜋𝑘, ∀𝑘 ∈ ℤ+ A1 



 √2

2
cosh(𝑥) =

√3

2
⇒ cosh(𝑥) =

√6

2
 M1 

 

∴ 𝑥 = cosh−1 (
√6

2
) 

= ln (
√6

2
+ √(

√6

2
)

2

− 1) 

= ln (
√6 + √2

2
)  o. e. 

A1 

  (10) 

(13 marks) 

 
 
 
 
 
 
 
 



Question Scheme Marks 

4 𝐿𝑒𝑡 𝒗 = (
𝑎
𝑏
𝑐

)  

 |𝒗| = 1 ⇒ 𝑎2 + 𝑏2 + 𝑐2 = 1 B1 

 𝒗 ∙ (
2
2
1

) = 0 ⇒ 2𝑎 + 2𝑏 + 𝑐 = 0 B1 

 𝒗 ∙ (
1
0
1

) = |𝒗| |
1
0
1

| cos(45) ⇒ 𝑎 + 𝑐 = 1 ⇒ 𝑎 = 1 − 𝑐 B1 

 ∴ (1 − 𝑐)2 + 𝑏2 + 𝑐2 = 1 ⇒ 2𝑐2 − 2𝑐 + 𝑏2 = 0 M1 

 2(1 − 𝑐) + 2𝑏 + 𝑐 = 0 ⇒ 𝑏 =
1

2
(𝑐 − 2) M1 

 

∴ 2𝑐2 − 2𝑐 + (
1

2
(𝑐 − 2))

2

= 0 

∴ 2𝑐2 − 2𝑐 +
1

4
(𝑐2 − 4𝑐 + 4) = 0 

∴ 9𝑐2 − 12𝑐 + 4 = 0 ⇒ (3𝑐 − 2)2 = 0 ⇒ 𝑐 = ⋯ 

M1 

 𝑐 =
2

3
⇒ 𝑎 =

1

3
 and 𝑏 = −

2

3
 A1 

 ∴ 𝒗 =
1

3
(

1
−2
2

)  o. e. A1 

  (8) 

(8 marks) 

 
 



Question Scheme Marks 

5(a)(i) 

Represents 𝐧𝐞𝐭 𝐠𝐫𝐨𝐰𝐭𝐡 𝐫𝐚𝐭𝐞 of algae. 

Where the constant 𝟐 suggests 𝐜𝐨𝐧𝐭𝐢𝐧𝐨𝐮𝐬/𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 𝐛𝐢𝐫𝐭𝐡 𝐫𝐚𝐭𝐞 … 

While − 𝐱 indicates a 𝐝𝐞𝐚𝐭𝐡 𝐫𝐚𝐭𝐞 𝐩𝐫𝐨𝐩𝐨𝐫𝐭𝐢𝐨𝐧𝐚𝐥 𝐭𝐨 𝐜𝐮𝐫𝐫𝐞𝐧𝐭 𝐩𝐨𝐩𝐮𝐥𝐚𝐭𝐢𝐨𝐧. 

A1 

(a)(ii) Frog population 𝐝𝐞𝐜𝐥𝐢𝐧𝐢𝐧𝐠 at a rate 𝐩𝐫𝐨𝐩𝐨𝐫𝐭𝐢𝐨𝐧𝐚𝐥 𝐭𝐨 𝐜𝐮𝐫𝐫𝐞𝐧𝐭 𝐩𝐨𝐩𝐮𝐥𝐚𝐭𝐢𝐨𝐧. A1 

  (2) 

5(b)(i) ∫
1

2 − 𝑥
𝑑𝑥 = ∫ 𝑑𝑡 ⇒ − ln(2 − 𝑥) = 𝑡 + 𝑐 B1 

 Using 𝑥(0) = 0 ⇒ − ln(2) = 𝑐 ⇒ − ln(2 − 𝑥) = 𝑡 − ln(2) M1 

 ∴
2

2 − 𝑥
= 𝑒𝑡 ⇒ 2 − 𝑥 = 2𝑒−𝑡 ⇒ 𝑥 = 2 − 2𝑒−𝑡 A1 

5(b)(ii) ∫
1

𝑧
𝑑𝑧 = − ∫ 𝑑𝑡 ⇒ ln(𝑧) = −𝑡 + 𝑐 B1 

 Using 𝑧(0) = 5 ⇒ ln(5) = 𝑐 ⇒ ln(𝑧) = −𝑡 + ln(5) M1 

 ∴ 𝑡 = ln (
5

𝑧
) ⇒ 𝑒𝑡 =

5

𝑧
⇒ 𝑧 = 5𝑒−𝑡 A1 

  (6) 

5(c) 

𝑑𝑦

𝑑𝑡
= 2 − 2𝑒−𝑡 − 2𝑦 + 5𝑒−𝑡 

∴
𝑑𝑦

𝑑𝑡
+ 2𝑦 = 2 + 3𝑒−𝑡 , so IF = ⋯ 

B1 

 IF = 𝑒∫ 2𝑑𝑡 = 𝑒2𝑡 M1 

 ∴
𝑑(𝑒2𝑡𝑦)

𝑑𝑡
= 2𝑒2𝑡 + 3𝑒𝑡 ⇒ 𝑒2𝑡𝑦 = 𝑒2𝑡 + 3𝑒𝑡 + 𝑐 ⇒ 𝑦(𝑡) = 1 + 3𝑒−𝑡 + 𝑐𝑒−2𝑡 M1 

 𝑦(0) = 1 ⇒ 1 = 1 + 3 + 𝑐 ⇒ 𝑐 = −3 ⇒ 𝑦(𝑡) = 1 + 3𝑒−𝑡 − 3𝑒−2𝑡 A1 

Alt. 5(c) ∴
𝑑𝑦

𝑑𝑡
= 2 + 3𝑒−𝑡 − 2𝑦 ⇒

𝑑2𝑦

𝑑𝑡2
= −3𝑒−𝑡 − 2

𝑑𝑦

𝑑𝑡
⇒

𝑑2𝑦

𝑑𝑡2
+ 2

𝑑𝑦

𝑑𝑡
= −3𝑒−𝑡 B1 



 

Auxiliary equation: 𝑚2 + 2𝑚 = 0 ⇒ 𝑚(𝑚 + 2) = 0 ⇒ 𝑚 = 0, 𝑚 = −2 

So C. F. is 𝑦 = 𝐴 + 𝐵𝑒−2𝑡 

M1 

 
P. I. is 𝑦 = 𝜆𝑒−𝑡 ⇒

𝑑𝑦

𝑑𝑥
= −𝜆𝑒−𝑡 ,

𝑑2𝑦

𝑑𝑡2
= 𝜆𝑒−𝑡 ⇒ 𝜆 = 3 

∴ G. S. is 𝑦 = 𝐴 + 𝐵𝑒−2𝑡 + 3𝑒−𝑡 

M1 

 

𝑦(0) = 1 ⇒ 1 = 𝐴 + 𝐵 + 3 ⇒ 𝐴 + 𝐵 = −2 

𝑑𝑦

𝑑𝑡
= −2𝐵𝑒−2𝑡 − 3𝑒−𝑡 

When 𝑡 = 0,
𝑑𝑦

𝑑𝑡
= 2 + 3(1) − 2(1) = 3 ⇒

𝑑𝑦

𝑑𝑡
= −2𝐵 − 3 = 3 ⇒ 𝐵 = −3 

∴ 𝑦(𝑡) = 1 + 3𝑒−𝑡 − 3𝑒−2𝑡 

A1 

  (4) 

5(d) 5𝑒−𝑡 = 2 − 2𝑒−𝑡 ⇒ 𝑒−𝑡 =
2

7
⇒ 𝑡 = 1.25 ⇒ 𝑧(1.25) =

10

7
 B1 

 

𝑦(1.25) = 1 + 3𝑒−1.25 − 3𝑒−2(1.25) =
79

49
≠

10

7
 

∴ "All three populations never equal at any point in time" o. w. t. t. e. 

A1 

  (2) 

5(e) As 𝑡 → ∞, 𝑥 → 2, 𝑦 → 1, 𝑧 → 0, so model is 𝐮𝐧𝐫𝐞𝐚𝐥𝐢𝐬𝐭𝐢𝐜 … B1 

 

• As population is 𝐮𝐧𝐥𝐢𝐤𝐞𝐥𝐲 𝐭𝐨 𝐫𝐞𝐦𝐚𝐢𝐧 𝐬𝐭𝐚𝐭𝐢𝐜, OR 

• Because if there are 𝐳𝐞𝐫𝐨 𝐟𝐫𝐨𝐠𝐬, the 𝐰𝐡𝐨𝐥𝐞 𝐞𝐜𝐨𝐬𝐲𝐬𝐭𝐞𝐦 𝐜𝐡𝐚𝐧𝐠𝐞𝐬 

A1 

  (2) 

(16 marks) 

 
 
 



Question Scheme Marks 

6(a) 𝑟2 = sin2 (
𝜃

4
) =

1

2
−

1

2
cos (

𝜃

2
) B1 

 Method to find areas of Regions A and B: 4 [
1

2
∫ 𝑟2 𝑑𝜃 −

…

…

1

2
∫ 𝑟2 𝑑𝜃

…

…

] B1 

 

Region B: 4 [
1

2
∫ (

1

2
−

1

2
cos (

𝜃

2
))  𝑑𝜃 −

𝜋

𝜋
2

1

2
∫ (

1

2
−

1

2
cos (

𝜃

2
))  𝑑𝜃

𝜋
2

0

] 

= ∫ (1 − cos (
𝜃

2
))  𝑑𝜃 −

𝜋

𝜋
2

∫ (1 − cos (
𝜃

2
))  𝑑𝜃

𝜋
2

0

 

M1 

 

= [𝜃 − 2 sin (
𝜃

2
)]

𝜋
𝜋
2

− [𝜃 − 2 sin (
𝜃

2
)]

𝜋
2
0

 

= 𝜋 − 2(1) −
𝜋

2
+ √2 −

𝜋

2
+ √2 

= 2√2 − 2 

A1 

 

Region A: 4 [
1

2
∫ (

1

2
−

1

2
cos (

𝜃

2
))  𝑑𝜃 −

3𝜋
2

𝜋

1

2
∫ (

1

2
−

1

2
cos (

𝜃

2
))  𝑑𝜃

𝜋

𝜋
2

] 

= ∫ (1 − cos (
𝜃

2
))  𝑑𝜃 −

3𝜋
2

𝜋

∫ (1 − cos (
𝜃

2
))  𝑑𝜃

𝜋

𝜋
2

 

M1 

 

= [𝜃 − 2 sin (
𝜃

2
)]

3𝜋
2
𝜋

− [𝜃 − 2 sin (
𝜃

2
)]

𝜋
𝜋
2

 

=
3𝜋

2
− √2 − 𝜋 + 2 − 𝜋 + 2 +

𝜋

2
− √2 

= 4 − 2√2 

A1 

 𝑥(2√2 − 2) =
1

2
(2(4 − 2√2)) dM1 

 ∴ 𝑥 =
4 − 2√2

2√2 − 2
= √2 A1 



  (8) 

6(b) Border is modelled as having a negligible width, which is unrealistic. A1 

 

If border width is considered, answer to part (a) will be smaller OR 

Answer to part (a) is an overestimate 

A1 

  (2) 

(10 marks) 

 
 
 
 
 
 
 
 
 
 



Question Scheme Marks 

7 Let arg(𝑧 − 2) = 𝑎 and arg(𝑧 + 2) = 𝑏 ⇒ 𝑎 − 𝑏 =
𝜋

4
 M1 

 ∴ tan(𝑎) =
𝑦

𝑥 − 2
 and tan(𝑏) =

𝑦

𝑥 + 2
 B1 

 𝑈𝑠𝑒 𝑜𝑓 tan(𝑎 − 𝑏) =
tan(𝑎) − tan(𝑏)

1 + tan(𝑎) tan(𝑏)
 M1 

 ∴ tan (
𝜋

4
) =

𝑦
𝑥 − 2 −

𝑦
𝑥 + 2

1 + (
𝑦

𝑥 − 2) (
𝑦

𝑥 + 2)
⇒ 1 +

𝑦2

(𝑥 − 2)(𝑥 + 2)
=

𝑦

𝑥 − 2
−

𝑦

𝑥 + 2
 M1 

 

∴ (𝑥 − 2)(𝑥 + 2) + 𝑦2 = 𝑦(𝑥 + 2) − 𝑦(𝑥 − 2) 

∴ 𝑥2 − 4 + 𝑦2 = 𝑥𝑦 + 2𝑦 − 𝑥𝑦 + 2𝑦 

∴ 𝑥2 + (𝑦 − 2)2 = 8 ⇒ Locus of 𝑧 is circular. 

M1A1 

 

∴ Radius = √8 = 2√2 AND 

Centre at (0,2) 

A1 

 

𝑎 − 𝑏 =
𝜋

4
> 0 ⇒ 𝑎 > 𝑏 

Geometrically, 𝑎 > 𝑏 only true when chords 𝑎 and 𝑏 are above the 𝑥 − axis … 

∴ Locus of 𝑧 is a circular 𝐦𝐚𝐣𝐨𝐫 arc, with endpoints at (2,0) and (−2,0).  

A1 

Alt. 7 arg (
𝑧 − 2

𝑧 + 2
) =

𝜋

4
 M1 

 ∴ arg (
𝑥 + 𝑖𝑦 − 2

𝑥 + 𝑖𝑦 + 2
) =

𝜋

4
 B1 

 ∴ arg (
[𝑥 − 2] + 𝑖𝑦

[𝑥 + 2] + 𝑖𝑦
) =

𝜋

4
⇒ arg (

([𝑥 − 2] + 𝑖𝑦)([𝑥 + 2] − 𝑖𝑦)

([𝑥 + 2] + 𝑖𝑦)([𝑥 + 2] − 𝑖𝑦)
) =

𝜋

4
 M1 

 ∴ arg (
[𝑥2 − 𝑦2 − 4] + 𝑖[4𝑦]

(𝑥 + 2)2 + 𝑦2
) =

𝜋

4
⇒

𝑥2 − 𝑦2 − 4

(𝑥 + 2)2 + 𝑦2
=

4𝑦

(𝑥 + 2)2 + 𝑦2
 M1 

 ∴ 𝑥2 − 𝑦2 − 4 = 4𝑦 ⇒ 𝑥2 + (𝑦 − 2)2 = 8 ⇒ Locus of 𝑧 is circular A1 



 

∴ Radius = √8 = 2√2 AND 

Centre at (0,2) 

A1 

 

Since argument is positive, 𝑅𝑒(𝑧) > 0 and 𝐼𝑚(𝑧) > 0 

∴ 𝑥2 + 𝑦2 − 4 > 0 ⇒ 𝑥2 + 𝑦2 > 0 and 4𝑦 > 0 ⇒ 𝑦 > 0 

Geometrically, both conditions exclude the minor arc of the circle. 

∴ Locus of 𝑧 is a circular 𝐦𝐚𝐣𝐨𝐫 arc, with endpoints at (2,0) and (−2,0). 

M1A1 

  (8) 

(8 marks) 

 
 
 
 
 
 
 
 
 



Question Scheme Marks 

8 𝑛 = 1 ⇒ 𝑨1 = 𝑨 𝑎𝑛𝑑 (1)𝑨 − (1 − 1)𝑰 = 𝑨 ⇒ 𝑇𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 = 1 B1 

 𝐴𝑠𝑠𝑢𝑚𝑒 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 = 𝑘 ⇒ 𝑨𝑘 = 𝑘𝑨 − (𝑘 − 1)𝑰 M1 

 𝐼𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 𝑙𝑒𝑎𝑝: 𝑛 = 𝑘 + 1 ⇒ 𝑨𝑘+1 = 𝑨𝑘𝑨1 = [𝑘𝑨 − (𝑘 − 1)𝑰]𝑨 = ⋯ M1 

 

[(
𝑘 0

2𝑘 𝑘
) − (

𝑘 − 1 0
0 𝑘 − 1

)] (
1 0
2 1

) 

= (
1 0

2𝑘 1
) (

1 0
2 1

) 

= (
1 0

2𝑘 + 2 1
) 

M1 

 

= (
𝑘 + 1 − 𝑘 0
2(𝑘 + 1) 𝑘 + 1 − 𝑘

) 

= (
𝑘 + 1 0

2(𝑘 + 1) 𝑘 + 1
) − 𝑘 (

1 0
0 1

) 

= (𝑘 + 1) (
1 0
2 1

) − [(𝑘 + 1) − 1] (
1 0
0 1

) 

= (𝑘 + 1)𝑨 − [(𝑘 + 1) − 1]𝑰 

A1 

 

𝐻𝑒𝑛𝑐𝑒, 𝑖𝑓 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 = 𝑘, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 = 𝑘 + 1. 

𝑆𝑖𝑛𝑐𝑒 𝑛 = 1 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑡𝑟𝑢𝑒, 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑡𝑟𝑢𝑒 ∀ 𝑛 ∈ ℕ.  

A1 

  (6) 

(6 marks) 

 


